Abstract: The system of gas dynamic equations governing the motion of one-dimensional unsteady adiabatic flow of a perfect gas in planer, cylindrical and spherical symmetry is solved successfully by applying the Adomian decomposition method under the exponential initial conditions. The solution of the system of equation is computed up to the five components of the decomposition series. The variation of the approximate velocity, density and pressure of the fluid motion with position and time is studied. It is found that there exists discontinuity or shock wave in the distribution of flow variables. The solution of system of gas dynamic equations by Adomian decomposition method is convergent for a domain of position and time. The decomposition method provides the variation of flow-variables with position and time separately which was not possible in similarity method.
Introduction
The conservation laws for the motion of a gas in its mathematical formulation is written as a system of gas dynamic equations for mass, momentum and energy. This system of gas dynamic equation is complemented by the equation of the state of the gas. The solution of the system of one-dimensional unsteady gas dynamic problem under the suitable initial condition is an important field of study. The solution of the system of gas dynamic equations are studied in literature and is solved by the different methods. One of the important and widely used method to solve the equations is similarity method but it needs the much computational work, knowledge of geometrical aspects of the problem and give solution in term of similarity variable, not in term of space and time variables directly, [1] . Recently, considerable amount of research work has been invested in applying the Adomian decomposition method to a wide class of linear and non-linear ordinary and partial differential equation as well as integral equation [2, 3, 4, 5, 6, 7, 8, 9, 10] . The Adomian decomposition method was introduced and developed by George Adomian [11] − [12] and is well addressed in the literature. This method has been used in the solution of scalar gas dynamic equation [13] − [14] . The system of gas dynamic equation has been solved by the Adomian decomposition method in two dimension for polytropic gas [15] . But the system of gas dynamic equations for the unsteady adiabatic flow of a perfect gas in one dimension for all the three type of symmetry namely planer, cylindrical and spherical has not been studied.
In the present work, we have solved the system of non-linear one-dimensional unsteady gas dynamic equations for adiabatic flow of a perfect gas in all the three symmetry under the variable initial condition by applying the Adomian decomposition method [12] , [16] and [17] . The convergence and accuracy of the solution is discussed. The variation of flow-variables with position and time is presented which show that there exist a discontinuity or shock wave in the flow field. All the computations are performed using Mathematica 9.
Basic equations and initial conditions
The system of gas dynamic equations governing the motion of a one-dimensional unsteady adiabatic flow of a perfect gas in planer, cylindrical and spherical symmetry is given by [1] 
where u ′ , ρ ′ and p ′ are the velocity density and pressure respectively at position r ′ and time t ′ , γ is adiabatic exponent, ν is symmetry parameter which takes the values 1, 2 and 3 for the planer, cylindrical and spherical symmetry. The initial conditions for the motion is taken as
where 0 ≤ r ′ < ∞, t ′ ≥ 0 and l 0 , u 0 and ρ 0 are dimensional constant. The initial condition is consistent with the equation of motion (1) . The equation of state for the perfect gas is p ′ = ρ ′ RT where R and T are gas constant and temperature respectively. The technique to make the above equations dimensionless consists of introducing a simple change of variables t
′ and p ′ are the original dimensional variables, t, r, u, ρ and p are corresponding dimensionless variables, and t 0 , l 0 , u 0 and ρ 0 are characteristic time, characteristic length, characteristic velocity and characteristic density. Under the transformation the equations of motion of one-dimensional unsteady adiabatic flow of a perfect gas in planer, cylindrical and spherical symmetry reduces as
and the initial conditions in non-dimensional form become
taking the Strouhal number S = l 0 /u 0 t 0 = 1 to consider the transient process.
Basic idea of Adomian decomposition method
In Adomian decomposition method, we consider the partial differential equation in an operator form
where L is highest order linear operator which is assumed to be invertible and R is linear operator of order less than order of L, N is non-linear operator and g is a source term. We apply the inverse operator L −1 to both sides of equation (9) and using the given condition, we obtained
where the function f represents the terms arising from integrating the source term g and using the given condition, all are assumed to be prescribed. The standard Adomian decomposition method suggests the solution u in form of infinite series of the components, given by
where u n , n ≥ 0 are components of u. The non-linear operator N is decomposed in series form
where A n are called Adomian polynomials. The aim of decomposition method is to determine the components u 0 , u 1 , u 2 ...; recursively and elegantly. The Adomian polynomials can be generated for all form of non-linearity [18] − [19] . The Adomian polynomials A n are generated according to the algorithms previously published in [19] and standard Adomian decomposition scheme introduced in [12] − [20] . On substituting Eq. (11) into Eq. (10) we get
Following the Adomian analysis in Eq. (13), the non-linear partial differential Eq. (9) with the condition is transformed into a set of recursive relations
From Eqs. (14) and (15), by putting the components u n , n ≥ 0 in Eq. (11) the solution u is obtained readily.
Solution of the system of gas dynamic equations
Firstly we eliminate ∂ρ/∂t in Eq. (7) by using Eq. (6) then we write the basic Eqs. (5), (6) and (7) in the following operator form
where L t and L r are the partial differential operators given by L t = ∂/∂t and L r = ∂/∂r.
Then following the standard Adomian method, Eqs. (16)- (18) can be written as
Let us assume the solution u, ρ and p of the Eqs. (16)- (18) in the form of decomposition series as
The non-linear term uu r , p r /ρ, uρ r , ρu r , pu r and up r in Eqs. (19)- (21) is expressed in series form as
where A n , B n , C n , D n , E n and F n are Adomian polynomials. Substituting Eqs. (22)- (24) and (25)- (27) into both sides of Eqs. (19)- (21) we find
Following the decomposition method in Eqs. (28)- (30) we obtained the recursive relation for gas dynamic Eqs. (16)- (18) in an operator form as
where k ≥ 1.
We can obtain the solution of gas dynamic equations from recursive Eqs. (31)-(39) in series form provided the Adomian polynomials are known. The Adomian polynomials are calculated as follows:
we now, compare the term with subscript of same order from both side of above equation, then Adomian polynomial A n is given by
Similarly, we can obtain Adomian polynomial B n , C n , F n , as
so, comparing the term with subscript of same order from both sides of above equation, we get
and so on. Similarly we can write E n also. Using the Adomian polynomials A n , B n , C n , D n , E n and F n into the recursive relations (32)- (33), (35)- (36) and (38)- (39), we can compute the components of the velocity, the density and the pressure and then the solution u(r, t), ρ(r, t) and p(r, t) of gas dynamic equations are given by the Eqs. (22)-(24).
Result and Discussion
The distribution of flow variables in the flow-field is calculated by the Eqs. (22)-(24) for γ = 1.4 and ν = 1, 2, 3 for planer, cylindrical and spherical symmetry. For each case of symmetry, the five components of the velocity, density and pressure are computed from the recursive Eqs. (31)-(39) and approximate velocity, density and pressure are given in form of tables and figures.
5.1. The velocity components for planer symmetry ν = 1 are computed as follows:
and so on. Therefore, the velocity u is given by putting the value of u 0 , u 1 , u 2 , u 3 , u 4 · · · , in to the Eq. (22). For numerical computation we truncate the series after five term and the approximate velocity Φ 5,u is given by
The approximate velocity Φ 5,u for ν = 1 is presented in Table 1 and Fig. 1a . Similarly, for ν = 2 and ν = 3 we have computed the five velocity components for different value of r and t and approximate velocity Φ 5,u is shown in Tables  4, 7 and Figs. 2a, 3a respectively.
5.2.
The density components for planer symmetry ν = 1 are calculated as follows This approximate density Ψ 5,ρ for ν = 1 is presented in Table 2 and Fig. 1b . Similarly, we have computed the approximate density Ψ 5,ρ for ν = 2 and ν = 3 and given into Tables 5, 8 The numerical value of approximate pressure χ 5,p for ν = 1 is given in Table  3 and plotted in Fig. 1c . Similarly, the approximate pressure χ 5,p for ν = 2 and ν = 3 is given in Tables 6, 9 Table 3 : Variation of the pressure components and approximate pressure χ 5,p with different value of r and t for planer symmetry ν = 1 and γ = 1.4. Tables 1-3 show that contribution of higher order components in the velocity, density and pressure is comparatively small for all the time t and r ≥ 1. The common ratio λ i = x i+1 /x i < 1, for i = 0, 1, 2, 3 and x = u, ρ, p; therefore, the series solution may converge by Adomian decomposition method for planer symmetry. Table 1 and Fig. 1a show that for planer symmetry, the velocity decreases with position for all the time t and r > 0.5 and increases steeply for r < 0.5 for all the time t > 0.5. This show that there exist a discontinuity surface or shock wave in the velocity distribution with respect to position. For the planar symmetry, Table 2 and Fig. 1b show that the density decreases with position for all time t except for 0 < r < 1. For 0 < r < 1 and t > 1, there exist a discontinuity, i.e. shock wave in distribution of density. Table 3 and Fig. 1c show that for the planer symmetry, the pressure increases steeply with position up to r = 1 and then it become almost constant for all the time t. Table 6 : Variation of the pressure components and approximate pressure χ 5,p in flow-field with different values of r and t for cylindrical symmetry ν = 2 and γ = 1.4.
For the cylindrical symmetry, Tables 4-6 show that the contribution of higher order components in series solution for velocity, density and pressure distribution are relatively small for all the time t and r ≥ 1. Therefore we can conclude that ratio test for convergence of series will be satisfied and solution of system of gas dynamics equations exist in form of series. The approximate velocity in cylindrical symmetry decrease for all r and t ≤ 1 but for t ≥ 1, it first decreases steeply and then increases with r. Tables 5-6 and Figs. 2b-2c show that there exist multiple discontinuity in distributions of density and pressure for cylindrical symmetry and their position can be identified. Table 9 : Variation of the pressure components and approximate pressure χ 5,p in flow-field with different values of r and t for spherical symmetry ν = 3 and γ = 1.4.
For the spherical symmetry, the tables 7-9 show that the contribution of higher order components of velocity, density and pressure in their series solution is decreasing for r ≥ 1 and all time t > 0. Therefore the ratio test will be satisfied for this domain and series will converse, so the solution exists for r ≥ 1 and all t > 0. The distribution of approximate velocity, approximate density and approximate pressure for spherical symmetry for different value of r and t is shown in Tables 7-9 and Figures 3a-3c . It is seen that there exist multiple discontinuity (shock wave) in the variation of density and pressure with respect to position.
Conclusion
In this paper, Adomian decomposition method is successfully applied for the solution of the system of gas dynamic equations governing the motion of onedimensional unsteady adiabatic flow of the perfect gas under the variable initial condition for all the three type of symmetry. We have obtained the distribution of approximate velocity, density and pressure directly as function of position and time which was not possible in similarity method. This paper also show the existence of multiple discontinuity or shock wave in the distribution of flow variables and identification of their positions. It is found that the solution of the system of gas dynamic equations by the Adomian decomposition method in form of the series is convergent for a domain of interest. This work show that the Adomian decomposition method can be used in study of one dimensional gas dynamic problem in all the three symmetry with more advanced and realistic gas dynamics problems.
